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Wave/particle nature of electrons

Usually when we think about a current flowing, we imagine 
the electrons as particles moving along. Really we should be 
thinking about how the occupation of the wave like 
eigenstates are changing.

When wave packets are built from the eigenstates, they move 
like particles with an effective mass. 



If no forces are applied, the electrons diffuse.
The average velocity moves against an electric field. 
In just a magnetic field, the average velocity is zero.
In an electric and magnetic field, the electrons move in a straight line at the 
Hall angle.  





Master equation
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Fermi's golden rule:
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Current densities
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1st law:

Heat ht
tp

://
la

m
px

.tu
gr

az
.a

t/~
ha

dl
ey

/s
s2

/tr
an

sp
or

t/i
nt

ro
.p

hp



Current densities
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Probability that state k is occupied. 

spin



Liouville's theorem
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Probability that state k is occupied at position r
and time t. 

Number of electrons:  

If the probability of finding an electron at a particular position 
with a particular momentum decreases, the probability must 
increase somewhere else. 



Boltzmann Equation
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Crystal momentum 

Collision term describes the transitions between k states.  



Relaxation time approximation 

In the relaxation time approximation, 
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If the driving field is turned off, the collision term will drive 
the system back to equilibrium in time .  

When                             and the initial condition is f = f1, the 
solution to the Boltzmann equation is,         
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Boltzmann equation: relaxation time approx.

in a stationary state 
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The relaxation time approximation:  
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If the system is not far from equilibrium, f  f0, and we can 
substitute f0 for f on the right



Boltzmann equation: relaxation time approx.
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Temperature gradient
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Concentration gradient

Temperature and 
chemical potential can 
depend on position



Boltzmann equation: relaxation time approx.

2
0

2

0

( ) ( )exp

( )exp 1

( )

B B

B

E k E k
k T k Tf

T E k
k T

f E k
E T

 





  
 

  
   

     
 

 


 





0 2

0

1 ( )exp
( )

( )exp 1

( )

B B
k k

B

k

E k
k T k T

f E k
E k

k T

f E k
E





  
 
   

  
     


 









0 0
2

1 ( )exp

( )exp 1

B B

B

E k
k T k Tf f

EE k
k T



 

 
 

    
   

     




 

  2

exp

exp 1

x

x 

x

Only the states near the Fermi surface contribute.



Boltzmann equation: relaxation time approx.

The contribution of f0(k) is zero 

density of states  3
2( )

2
D k





spin

( ) ( ) ( )elecj e v k D k f k dk  
    



Current densities

http://lampx.tugraz.at/~hadley/ss2/transport/currents.php



Electrochemical potential 

The electrochemical potential
is what a voltmeter measures

ϕ is the electrostatic potential
μ is the chemical potential

http://lampx.tugraz.at/~hadley/ss2/transport/ecp.php



Electrical conductivity 

http://lampx.tugraz.at/~hadley/ss2/transport/ecp.php

no temperature gradient or magnetic field 



Electrical conductivity 

http://lampx.tugraz.at/~hadley/ss2/transport/electrical.php

for cubic crystals:



Free-electron model: electrical conductivity 

http://lampx.tugraz.at/~hadley/ss2/transport/fecond.php

assuming a single lifetime 



Free-electron model: electrical conductivity 



Free-electron model: electrical conductivity 



Free-electron model: electrical conductivity 

k is approximately kF and it can be pulled out of the integral. 
The remaining integral over x evaluates to 1



Thermoelectric current 



Thermal conductivity 
The electrons carry heat as well as charge. 



Thermoelectric current 

(Similar calculation as before, See notes)



Free-electron model: Wiedemann–Franz law 



Seebeck effect
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Seebeck effect



Thermal conductivity again

T2T1

Open boundary conditions

new term


