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Causality and the Kramers-Kronig relations (I)

The real and imaginary parts of the susceptibility are related.

If you know ', inverse Fourier transform to find E(t). Knowing E(t) you 
can determine O(t) = sgn(t)E(t). Fourier transform O(t) to find ".
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Causality and the Kramers-Kronig relation (II)
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Take the Fourier transform, use the convolution theorem.

1 ( )( ) P d   
  





 
 

 

1 ( )( ) P d   
  





 
  

 

Singularity makes a numerical evaluation more difficult.  

P: Cauchy principle value (go around the singularity and 
take the limit as you pass by arbitrarily close)

Real space Reciprocal space

http://lamp.tu-graz.ac.at/~hadley/ss2/linearresponse/causality.php



Kramers-Kronig relations (III)
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Kramers-Kronig relations II
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Real part is even
Imaginary part is odd
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(4 minus signs)



Kramers-Kronig relations (III)
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Singularity is stronger in this form. 



Kramers-Kronig relations 

https://en.wikipedia.org/wiki/Kramers%E2%80%93Kronig_relations

If you know any of these for just positive frequencies, 
you can calculate all the others.



The impulse response function is the response of the system to a 
-function excitation. The response function must be zero before 
the excitation.

The generalized susceptibility is the Fourier transform of the 
impulse response function. 

Any function that is zero before the excitation and nonzero 
afterwards must have both an odd component and an even 
component. 

The generalized susceptibility must have a real and imaginary 
part. All information about the real part is contained in the 
imaginary part and vice versa. 

Impulse response/generalized susceptibility



Fluctuation-dissipation theorem

The fluctuation-dissipation theorem relates the size of the 
fluctuations to the dissipation in a system. 

Most of the dissipation in a resonant system occurs at 
frequencies near the resonance. 

http://en.wikipedia.org/wiki/Fluctuation_dissipation_theorem



Fluctuation-dissipation theorem

Brownian motion: The response to thermal noise is related to the 
viscosity.

Johnson noise: The voltage fluctuations are related to the resistance.

The fluctuation-dissipation theorem holds at equilibrium (where the 
equations are linear to a good approximation). 

http://en.wikipedia.org/wiki/Fluctuation_dissipation_theorem
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Dielectric response of insulators

The electric polarization is related to the 
electric field

The electric displacement vector D is also related 
to the electric field
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Dielectric response of insulators

In an insulator, charge is bound. The response to an electric field can be modeled 
as a collection of damped harmonic oscillators 

P nex
Macroscopic polarization 

density

ex = dipole moment

The core electrons of a metal respond to an electric field like this too.



Dielectric response of insulators

The differential equation that describes how the position of the charge 
changes in time is:
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The impulse response function is:



Electric susceptibility

Assume a solution of the form  x()eit,  E()eit
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Electric susceptibility
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http://lamp.tu-graz.ac.at/~hadley/physikm/apps/resonance.en.php



Dielectric function
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Gross and Marx

There can be more resonances.



Dielectric function of insulators

Insulators can often be modeled as a simple resonance. 
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Dispersion relation
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Take the curl 
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In the section on photons, we derived the wave equation for light in vacuum.
Here the wave equation for light in a dielectric material is derived.

The normal mode solutions are plane waves: 0 exp( )D D k r t  
  



Dispersion relation
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If  r< 0 : decaying solutions 

If  is complex, r> 0 : decaying electromagnetic waves 



Dielectric function

extinction coefficientrefractive index
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Dispersion relation: 



The index of refraction n and the extinction coefficient K



Dispersion
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Cause of chromatic aberration in lenses.



Absorption coefficient 



Reflectance   



Dielectric function of silicon 

absorption 

extinction K

refractive index n
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Dielectrics

Dielectrics used as electrical insulators should not conduct.

Large breakdown field.

Low AC losses.

Sometimes a low dielectric constant is desired (CMOS 
interconnects)

Sometimes a high dielectric constant is desired (supercapacitors).



Breakdown field

Typically 105-106 V/cm



AC losses - loss tangent

In an ideal capacitor, current leads voltage by 90o.

2
1 0 tan
2
V 

Because the dielectric constant is complex, in real materials current 
leads voltage by 90o - . 

Power loss =  

Becomes more of an issue at high frequencies (microwaves)

0 0
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Polarizability 

• Orientation polarizability
• Space charge polarizability

• Ionic polarizability
• Electronic polarizability

Overdamped modes

Underdamped modes



Orientation (dipolar) Polarizability 

For materials (gases, liquids, solids) with a permanent dipole moment.

The theory is very similar to paramagnetism.

1
T

  Curie law



Orientation Polarizability 

Ion jumps.

doubly ionized


