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Thermodynamic properties of
non-interacting fermions

The grand canonical partition function is
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Here g sums over the macro states. Only one fermion is allowed per
microscopic quantum state.
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n,; are occupation numbers that specify if microstate i is occupied in macrostate g

http://lamp.tu-graz.ac.at/~hadley/ss2/fermigas/thermo/thermo.php



Thermodynamic properties of
non-interacting fermions
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The sum over all possible macrostates can also be written as the sum over all
possible microstates.
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Pull the n; factors through the other sums then write out the sum over 0 and 1.



Thermodynamic properties of
non-interacting fermions

Grand potential: ® =U - TS - uN = -kzTIn(Z,,)
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Approximate the sum by an integral over the density of states.
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Differentiate to find the number density.

Fermi function
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Thermodynamic properties

Grand potential density:

Helrnhaolz free
energy density:

Entropy density: =
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http://lamp.tu-graz.ac.at/~hadley/ss2/fermigas/thermo/thermo.php
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Thermodynamic properties

T D(E)
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http://lamp.tu-graz.ac.at/~hadley/ss2/fermigas/thermo/thermo.php
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1-D Sclrddinger equation for a free particle
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2-D Scluéddinger equation for a free particle
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3-D Scluddinger equation for a free particle
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Figenfunction solutions

W, = A, exp (zj (Fex — ar))
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Figenvalues of the translation
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Free electron Fermi gas
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Empty lattice approximation
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Empty lattice approximation
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Empty lattice approximation
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Fermi surface for free electrons

Fermi
Surface



2N states per Brillouin zone

3

A crystal LxLxL has N = % unit cells.
a

2
- 3
The first Brillouin zone contains N = > ¢ - = L3 k points.
2z
L

There are N translational symmetries.

Each £ state can hold 2 electrons (spin).

There are 2N per Brillouin zone.



Constructing Brillouin zones

2-D square lattice 2-D square Zone folding

L doitpems.ac.uk

http://lamp.tu-graz.ac.at/~hadley/ss1/crystaldiffraction/construct.php
http://lamp.tu-graz.ac.at/~hadley/ss1/crystaldiffraction/folding.php



Constructing Fermi surface

/ N

N /

No Fermi surface in the 1st Brillouin zone



2d square

2N electron states in a
Brillouin zone
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The Fermi surface
strikes the Brillouin
zone boundary at 90°.

1st zone electrons

Il 1st zone holes
[ 2nd zone electrons
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