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Normal modes

The motion of the atoms can be described in terms of normal modes.
In a normal mode, all atoms oscillate at the same frequency m.
The energy in a normal mode is quantized, E =7Aw(n+3).

N 1s the number of phonons in that normal mode.



Two atoms per primitive unit cell
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3 dimensions
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3p branches to the dispersion
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Figure 8a Phonon dispersion relations in the [111]
direction in germanium at 80 K. The two TA phonon
branches are horizontal at the zone boundary position,
K, . = (2n/a)(333)- The LO and TO branches coincide at
K = 0: this also is a consequence of the crystal symmetry
of Ge. The results were obtained with neutron inelastic
scattering by G. Nilsson and G. Nelin.



Silicon phonon dispersion, DOS
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Poisson's ratio

E - Elastic constant
v - Poisson's ratio
o - density
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Figure 8a Phonon dispersion relations in the [111]
direction in germanium at 80 K. The two TA phonon
branches are horizontal at the zone boundary position,
K, = (27/a)(333). The LO and TO branches coincide at
K = 0; this also is a consequence of the crystal symmetry
of Ge. The results were obtained with neutron inelastic
scattering by G. Nilsson and G. Nelin.

If the density 1s known, you can determine E and v.
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Two atoms per primitive unit cell

Phonon density of states for GaN
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Inelastic neutron scattering

—

Diffraction condition for elastic scattering G 7«

K'=K+G E—\N’ 2

The whole crystal recoils with momentum hé

Diffraction condition for inelastic scattering 0
th/

21,12 21,2
K'+K, =k +G MK s he, =T

ph
2 mn 2 mn 2 ?c/rystal

K oh 18 the phonon momentum

Phonon dispersion relations are determined experimentally by
inelastic neutron diffraction



long wavelength limit

discrete version of wave equation 1-d wave equation
d°u d’u d’u
m—==C(u,,, —2u, +U —=c’
dt2 ( S+1 S s—l) dt2 dX2

The solutions to the linear chain are the same as the solutions to the wave

equation for |k|<<m/a.
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Phonons - long wavelength,
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low temperature limit I==fr=ol' Pm?s?)
At low T, there are only long wave length states u(4)= 87 he [T/m]
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long wavelength,
low temperature limit
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Thermal properties

1. Determine the dispersion relation:
Write down the equations of motion (masses and springs).

The solutions to these equations will be eigen functions of T

exp(i(li'.al+k’-a'2+k’-a’3—wt))

Substitute the eigen functions of T into the equations of motion to
determine the dispersion relation.

2. Determine the density of states numerically from the dispersion
lati
relation D()

For every allowed K, find all corresponding values of .



long wavelength limit

discrete version of wave equation 1-d wave equation
d°u d’u d’u
m—==C(u,,, —2u, +U —=c’
dt2 ( S+1 S s—l) dt2 dX2

The solutions to the linear chain are the same as the solutions to the wave

equation for |k|<<m/a.
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long wavelength,
low temperature limit
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Empty lattice approximation

Use the speed of sound
instead of the speed of
light.

3 acoustic branches
3p - 3 optical branches

Simple cubic
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Heat capacity / specific heat

Heat capacity is the measure of the heat energy required to increase the
temperature of an object by a certain temperature interval.

Specific heat is the measure of the heat energy required to increase
the temperature of a unit quantity of a substance by a certain
temperature interval.

For solids, the heat capacity at constant volume and heat capacity at
constant pressure are almost the same.

The heat capacity was historically important for understanding
solids.



Dulong and Petit (Classical result)

Equipartition: +k;T  per quadratic term in energy
internal energy:  y=3nk,T N atoms of the crystal

specific heat: _ Qu _ 3nk
Cdr T

experiments: heat capacity goes to zero at zero temperature
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Einstein model for specific heat

D
0 K % 0 o,
D(w) =3no(w—w,)
n = density of atoms
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Einstein model for specific heat
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Einstein model for specific heat
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Debye model for specific heat

Peter Debye

30° N

27’ N

D(w) =

Like blackbody radiation up to a cutoff frequency.
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Debye model for heat capacity
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Table 1 Debye temperature and thermal conductivity
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Phonon density of states
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fcc phonon density of states
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Thermal properties

T hoD(w)

internal energy density U= ju (w)dw = j "
0 ’ exp e
KT
, D(w)exp ho
. du ho Kg
specific heat C=—"7= I
k| exp {j -1
KeT

entropy density

Helmholtz free energy density

dow [J/m3]

—do [JK'm”]

f(T)=u-Ts=kK TjD 1n£1 exp[khTwaa) [Jm* ]



Phonons

body centered cubic
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Quartz

a-Quartz B-Quartz B-Tridymite
trigonal 573°C  hexagonal 870°C  hexagonal  1470°C
2.65g/em® — 2353 g/cm3 ——= 225 g/cm? &
B-Cristobalite
Silica Melt 1705°C cubic
= 2.20 g/cm3
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