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3. Crystal Binding
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What keeps crystals together ?

What causes bonding?
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Goal of this chapter:

What keeps crystals together ?

•Types of attractive and repulsive forces

•Behavior as a function of distance

•Preferred direction, impact on geometry

•Impact on properties
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Crystals are classified with respect to their bonding type

• Ionic crystals

• Covalent 
crystals

• Metals

• Hydrogen bonds

• Van der Waals 
crystals

KI

Figure from KI
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• Minimization of Energy

Adapted from: http://www.smbc-comics.com/?id=3554

What causes bonding?
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What keeps crystals together ?

• Electrostatic interaction between negative charges of
the electrons and positive charges of the nuclei !

• Induced dipoles

• Magnetic and gravitational forces negligible

• Different types of bonding because of different 
distributions of valence electrons

KI
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Cohesive energy:
• Energy needed to separate a crystal into neutral free atoms at rest

Lattice energy (ionic crystals):

• Energy needed to separate an ionic crystal into free ions (at 
infinite distance) at rest

KI

For stability: relative energies are important 

stable if energy of the combined system is lower than the separated 
fragments by more than ~kBT (ca. 25meV at 300K)

 immediate consequences for melting temperatures and bulk moduli
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Cohesive energies:

• Inert gas (and organic) crystals weakly bound

• Alkali metals have intermediate values

• Covalent crystals characterized by stronger bonding

• Transition metals quite strongly bound
Table from KI
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3.1 Van der Waals crystals
typically noble gas crystals or molecular crystals

Crystals of noble (inert) gases:
Electron distribution in the crystalline state similar to that 
of the free atoms !

KI

All electron shells completely filled (stable !!!)

→ spherically symmetric charge distributions

→  close packed structures (fcc) except He: zero point motion !

•Transparent insulators

•Weakly bound

•Low melting temperatures

Table from KI
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3.1.1 Van der Waals-London interactions 
(dispersion forces)

Spherical charge distributions →  no external field !

What keeps those crystals together ?

• Manifestation of electron correlation (correlated 
motion of electrons)

• “time averaged charge distribution“ insufficient 
description of actual situation !

dipole-dipole interaction 
(as a 1st approximation)

KI, X
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• What about non-polar noble gas atoms (or non-polar molecules) 
molecules without a permanent dipole moment ?

a.) origin of the dipole moments

X

Consider spherically symmetrical fragments

A B

-

+ -

+
Electron fluctuations result in non-permanent dipole

Dipole in A induces dipole in B
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→ attractive interaction like with induction forces
→ dispersion forces

Manifestation of correlated movement of the electrons

(electron correlation effects !)

• Molecular crystals: e.g., molecule with dipole moment interacts 
with molecule without dipole moment → induction forces)

a.) origin of the dipole moments

X

- + - +
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following: Schwoerer and Wolf, „Organische Molekulare Festkörper“ (Wiley-VCH)

b.) interaction between two dipoles

Parallel dipoles:

Figure from Schwoerer and Wolf

Interaction potentials and forces

general case:

X
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c.) induced dipoles induced dipole moment pind

With field generated by p1

And for r>>d:

Figure from Schwoerer and Wolf

X
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A‘ (and A‘‘=A‘/6) molecule specific factors

Consider:

deviations from speherical symmetry

F anisotropic; in fact higher moments than 
dipole moments need to be considered

F ~ 1/r7 → short range !

F ~ 2 → large for highly polarizable 
systems with large number of -electrons

melting points (°C) of 
various organic crystals

Schwoerer and Wolf

Side remark- molecular crystals:

X
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• van-der-Waals bonding is weak, but 

• every atom counts (~0.1eV/atom)

sites.google.com
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3.1.2 Repulsive interaction
Why don‘t atoms crash into each other ?

Approaching atoms:

Overlapping charge distributions → changes electrostatic energy of the system

Bonding ? – e.g., in the case of covalent bonds (depends on „shape“ of 
overlap distribution and occupation of hybrid states)

Repulsion ? Certainly at very short distances – Why ?

KI

Figure from KI
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To a large part because of the Pauli exclusion principle

• Two electrons cannot have their quantum numbers 
equal ! 

• I.e., each state - specified by its quantum numbers –
can be occupied only by a single electron

Qualitative picture:

• Electron distributions overlap → electrons from atom A tend in part 
to “occupy states“ of atom B, which are already occupied by 
electrons from B.

• → atoms with closed shells can overlap only if this is accompanied 
by the “promotion“ of electrons to some sort of unoccupied high 
energy states of the atoms

• QM more appropriate: Occupation of “antibonding“states; 
consequence of requirement of orthogonality of wavefunctions

KI
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• Shape of the potential hard to determine from first principles

• Empirical determination by fitting to experimental data on noble gases

either: or:

B,  …. empirical parameters

 
12r

B
rV    











 r
rV exp

• Parameters can be determined from independent measurements in the 
gas phase

Together with the van der Waals term:

6r

A
V 

KI



10

Institute of Solid State Physics

Professor Horst Cerjak, 19.12.2005 Fundamentals of Solid State Physics

Lennard-Jones Potential

repulsive: PAULI exclusion

attractive: dispersion

=
 q

V
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Lennard- Jones potential

Plot taken from: 
http://de.wikipedia.org/wiki/Lennard-
Jones-Potential
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A, B, or , , or , rm are empirically 
determined parameters

inter-atomic force 
determined by:



11

Institute of Solid State Physics

Professor Horst Cerjak, 19.12.2005 Fundamentals of Solid State Physics

3.1.3 From the interatomic potential (pair of atoms) 
to the cohesive energy (the crystal)

Cohesive energy (neglecting kinetic energy of the 
noble gas atoms):
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tot RpRp

NU
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summation over all 
“other“ atoms

add energetic 
contributions of all 
atoms, but avoid 
double counting

distance between reference 
atom i and all other atoms (R … 
nearest-neighbor distance)

Evaluate for fcc structure:

Close to number of nearest neighbors in fcc structure (i.e., 12)

→  the nearest neighbours count primarily !

 
'

12 1318.12
1

j
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'

6 4539.14
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j
ijp

KI

Rpr ijij 
with:

Independent of 
the chosen “i“ !
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Equilibrium distance:
0

dR

dUtot 09.10 

R

Experimentally determined values:

        09.1;10.1;11.1;14.1 0000  Ne
R

Kr
R

Ar
R

He
R



Light atoms: deviation due to zero point energy !

KI
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Directional Weak

Bond Energies 5 – 50 meV / atom

Occurs when Always

Examples: Rare gas clusters, organic
crystals

Model Potential: Lennard-Jones

Packing density Dense

Decays r-6

Institute of Solid State Physics

Professor Horst Cerjak, 19.12.2005 Fundamentals of Solid State Physics

3.2 Ionic crystals
• Consist of positively and negatively charged ions

• Primarily consequence of electrostatic interaction 
between oppositely charged ions

• Typical structures: NaCl and CsCl

Ions of a simple ionic crystal:
• Closed shell structure

• Low ionisation energies

• Thus, spherical charge distribution

Na: 1s2 2s2 2p6 3s Cl: 1s2 2s2 2p6 3s2 3p5

Na+: 1s2 2s2 2p6 Cl-: 1s2 2s2 2p6 3s2 3p6

KI

Figure from KI
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Why does a Na+Cl- crystal form ?

costs 1.53 eV !

Attractive Coulomb term: (Na+Cl- pair: 5.1 eV)

In the actual 
NaCl structure

KI

Figure from KI
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Bonding in an ionic crystal

Lowest total energy structure considering:

• Repulsive interactions (comparable to noble gases)

• Electrostatic interaction (Madelung energy)

• Van der Waals interaction supposedly only 1 to 2% of total 
covesive energy (i.e., neglected)

KI

Madelung energy:
Sum of all interaction energies for one particular atom i:  '
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(empirical) 
repulsive term

Coulomb interaction 
(in SI units)

with:

+ for the same, - for 
opposite charges
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with Rpr ijij 

and considering the repulsive interaction only for nearest neighbors
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With N being the number of K+A- pairs, z being the number of nearest 
neighbors and , the Madelung constant given by

  
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'
:

j
ijp
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Calculating the equilibrium distance from dUtot/dR=0, and inserting the 
obtained expression into the equation for Utot, one obtains:


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
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000

2

1
4 RR

qN
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
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 typically calculated numerically using a computer

Example: Madelung constant of a linear chain:
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Figure and table from KI
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Bonding in KCl:

KI

Figure from KI

Institute of Solid State Physics

Professor Horst Cerjak, 19.12.2005 Fundamentals of Solid State Physics

Directional None

Bond Energies 1 – 9 eV / 100 – 900 kJ/mol

Occurs when - Atoms have strongly
different ionization
energies, electron
affinities, 
electronegativities

Examples: NaCl, CaF2, CsCl, …

Potential: Coulomb + Pauli repulsion

Packing density Dense

Decays r -1
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3.3 Covalently bonded crystals

• classical electron pair or homopolar bond

• bonding involves “pairing of electrons“ 
between atoms

• typically two electrons involved

• preferentially located between bonded atoms

• antiparallel spin

• covalent bond highly directional

KI
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Covalent bonding of a H2

molecule

IL

• Molecular orbitals as symmetric and 
antisymmetric linear combinations
of the H1s orbitals

• Bonding orbital below, antibonding
above atomic energy levels

• Piling up of charge between atoms !

• Bonding strength maximum, if 
bonding orbital doubly occupied (2 
electrons with antiparallel spin) and 
antibonding orbital empty

• →  only partially occupied single-
atomic orbitals efficiently 
participate in bonding

Figure from IL
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IL

Some orientations favor the overlap others are unfavorable

Covalent bond highly directional !

Figure from IL

bondingno bonding
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KI, IL

What about C, Si, Ge ?
Lack 4 electrons for a closed shell (noble gas) configuration

C-atom: 1s22s22p2

• To be able to make 4 bonds needs to have 4 singly occupied 
orbitals

1s22s2p3 (costs a a significant amount of energy)

→ formation of hybrid orbitals

→ four singly occupied 
orbitals in a tetrahedral 
conformation that can 
result in 4 single bonds !

For example, four 
sp3 hybrids: Figure from IL
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Connected tetrahedrons
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And what about a crystalline solid ?
Qualitatively the same situation !

KI
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Directional Strong

Bond Energies 1.4 – 9 eV / 140 – 900 
kJ/mol

Occurs when - Unpaired electrons

Examples: Si, Ge, organic molecules

Potential: wave-function overlap

Packing density Not necessarily dense

Decays e-r
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Covalent and ionic bonding only two limiting cases

Continuous transition between these “extremes“

KI

Table from KI
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3.4 Bonding in metals
• Valence electrons (1 or 2) in metals become conducting 

electrons

• highly mobile (“smeared out“, “delocalized“)

• “collective“ effect

KI, X

Picture from: http://en.wikipedia.org/wiki/Metallic_bond

Simple schematic 
picture

Cohesive energy:

• Energy of valence electrons reduced compared to atoms

• Interaction of nuclei with conducting electrons
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Periodic Table of Elements

• http://www.thegeoexchange.org/chemistry/naming/resources/metals_nonmetals.php

s d s
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Directionality: s-states

S ~ const.
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Directionality

packing fraction p = volume occupied by spheres / total volume
psc = 0,52, pbcc = 0.68, pfcc = 0.74 
coordination number = number of next neighbours  sc: 6, bcc: 8, fcc: 12
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Large atoms

• Gross, Marx, “Festkörperphysik”, Oldenbourg Verlag
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Transistion metals:

Higher cohesive energies because of additional bonding !

d-electrons: 

• more localized with weaker overlap

• produce kind of covalent framework

• main contribution to the binding energy
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3.5 Hydrogen bonds

KI, X
Partly following: 
http://en.wikipedia.org/wiki/Hydrogen_bond

H attached to highly electronegative atom like N, O, or F 

+ another electronegative atom is in its vicinity

• H to a large extent “looses“ electron and becomes positively charged

•attracted by two atoms with strong forces

•strongly ionic character
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http://en.wikipedia.org/wiki/Hydrogen_bond

Hydrogen bonds can vary in strength from (1-2 kJ mol−1 to extremely 
strong >155 kJ mol−1:

• F—H...:F (155 kJ/mol or 40 kcal/mol) 
• O—H...:N (29 kJ/mol or 6.9 kcal/mol) 
• O—H...:O (21 kJ/mol or 5.0 kcal/mol) 
• N—H...:N (13 kJ/mol or 3.1 kcal/mol) 

• N—H...:O (8 kJ/mol or 1.9 kcal/mol)

Up to “weak“ covalent bonds

Figure from: 
http://en.wikipedia.org/wiki/Hydrogen_bond

BUT: recently in many systems role 
of vdW interactions thought to be 
more important than assumed 
previously – just due to sheer 
number of interacting atoms !
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Bonding in DNA

http://en.wikipedia.org/wiki/Hydrogen_bond

Bonding in water and ice
with their peculiar properties

(together with interaction of dipoles)

Figures from: 
http://en.wikipedia.org/wiki/Hydrogen_bond
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a summary about forces

interaction type range directional energy
[kJ / mol]

energy
[kBT]

charge – charge ~ r -1 no 100 - 900 40 - 360

metal bond no 100 - 900 40 – 360

covalent very short yes 100 - 900 40 - 360

hydrogen bond very short yes 10 - 155 4 - 62

dipole – dipole ~ r -3 yes 20 8

van der Waals ~ r -6 weakly 0,5 - 5 0,2 - 2

but: in organic systems are many van der Waals bonds parallel to each other and 
the bond energies sum up, for large organic objects the van der Waals forces can 
even become long range forces !! 


