Reciprocal space (Reziproker Raum)
k-space (k-Raum)

k-space 1s the space of all wave-vectors.

A k-vector points in the direction a wave is propagating.
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Plane wave: ~
exp(iG-r)=cos(G,x+G,y+ G z)+isin(Gx+ G y+G.z)



Reciprocal lattice (Reziprokes Gitter)

Any periodic function can be written as a Fourier series
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Plane waves (Ebene Wellen)
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e —cosk +zs1n(l_€ ) A 2

/ %/ 71/ \// exp ik -(F +7, )) = exp(ik - 7

Most functions can be expressed in terms of plane waves

=

() = jF( )e’k’”dk

A k-vector points in the direction a wave is propagating.



Determine the structure factors in 1-D

f(x)= ZfGeti

Multiply by e7¢*~ and integrate over a period a

j f (x)e_iG'xdx= j Zei(G_G')xdx

unit cell unit cell G

=y j cos((G—G"x) +isin(G - G")x)dx = f,.a

G unit cell

loo —iGx
fG:_Jﬁezz(x)e “dx
a-oo

The structure factor 1s proportional to the Fourier transform of the pattern
that gets repeated on the Bravais lattice, evaluated at that G-vector.



Fourier transforms

Most functions can be expressed in terms of plane waves

f)=[F (k)" dk
This can be inverted for F(k)

7 1 =\ —ikF g
F/(k):(zﬂ)d [ £ dr

Fourier transform of f(7)

http://lamp.tu-graz.ac.at/~hadley/ss1/crystaldiffraction/ft/ft.php



Fourier transforms

filter
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Fourier transform: g ( k) _ 2L aj’z o g sin (kz / 2)
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Inverse transform:  f'(x) = — Sine inteoral
e ine integra

ky -
Transmitted pulse:  f'(x)= J' sin (ka/2)
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Notations for Fourier Transforms

Fa,b(E) — Fab{f(F)} = \/ ( ) ﬂ Tf( ) Ibkrd?,,

f

F(7) = Foi {P(k)} = \/H( 5 [ Fus(f)e 7 dR

d = number of dimensions 1,2,3
a,b = constants



Notations for Fourier Transforms

P g (E): L [ f(7)e " dF .

(2?1') I

—

F(F) = [ Foa1 (k)e™ dk.

f(r) 1s built of plane waves



Notations for Fourier Transforms

Fia (k) = [ f(F)e ™ dr.

1) = s S Fua ()

Matlab



Notations for Fourier Transforms

Mathematica



Notations for Fourier Transforms

Fo—2x (q) = ff(F)e_ﬂmi"FdF.

f(;) " IFU?—ETT ((}*)ezlﬂrﬁf’d(}*

Engineering literature, usually on the 1-d case is considered.



exp(—|alz)
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centered at x = 0.
H(I—ﬂIn
Square pulse: height = 1, width = a, m{::m} exp(—ik&: ) ﬂ exp( —ikz }
centered at og.
e 5(k-h) (2r) 5 (R~ o)
Plane wave
1 (k) 2md (k)
&(x) E—IT 1
F—7y d b T =
‘5( a ) (ﬂ—fr) exp(—tk- u) a‘iexp(—zk - fru)
F—rol® - d = SR d a®
() () el =) (72 e S e )
H(R—|r —7q|) 2_ J,(|k|R) exp(—ik-T 2R 7, (|k|R ik-7
Disc of radius R centered at rp, ¥ € R? 2] 1[5 expl - o) || it e 0)
H(R—[f—Fo) L ) L )
Sphere ﬂff&d;usERRgﬂﬂt‘fod atry. [?Tr]13|i:.|3 (sin( |k|R) — |k|Rcﬂs{]k[R]) exp(—ik-rg) I:T (5111(|F.,| R) — |k1RCDE{|k|R}) exp(—ik -1

Here H{(z) is the Heaviside step function, §(z) is the Dirac delta function, Ji () is the first order Bessel function of the first kind. and d is the number of dimensior
Calculate a Fourier transform numerically.

http://lamp.tu-graz.ac.at/~hadley/ss1/crystaldiffraction/ft/ft.php



Discrete Fourier Transforms

The Discrete Fourier Transform (DFT) 1s an algorithm that takes a discrete sequence of points and returns the Fourier components of a continuous periodic

function that passes through all of those points_ It 15 widely used in data analysis and digital signal processing. The standard form of the discrete Fourier

transform of a sequence of N points (fy, f1,---s fy 1) o

N-1
1 =
F== N Leeml g0, N=1.
n=0
The original sequence of points can be recovered via the inverse transform,
N-1
¥ N
o= e,

g=0

A continuous periodic function f(z) that passes through the points fyatz =0, f; atz = 1_etc. is.
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http://lampx.tugraz.at/~hadley/ss2/linearresponse/dft/dft0.php



Properties of Fourier transforms

Linearity and superposition

F{af(r) + Bg(7)} = aF{f(¥)} + BF{g(7)} where @ and 3

are any constants.
Similarity
F{F(Z)} = lal*FLF(P)}-

Shift

F{f(r —70)} = F{f(7 )}exp( iz-?g).



Convolution (Faltung)

fF)*g(F) = | f(7F)gF ~F)dr

Notation [-1,-1]:  F{fg} = F{f} » F{g}, F YFG} =5 F H{F}xF G}
Notation [1,-1].  F{fg} = éf{f}*?{g} F {PG) =.F Y Fy*F “{G}
Notation [0.-1]  F{fg} = L_ F{f}xF{g}, F {FG}= L)_ F YUFyx F YG}

Notation [0,-2n):  F{fg} = F{f} x F{g}, F "{FG}=F "{F}*xF *{G}



Reciprocal lattice (Reziprokes Gitter)

Any periodic function can be written as a Fourier series
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Bravais lattice and reciprocal lattice in 1-D

real

reciprocal

cos(znpxj:cos(Gx) G=pz—7Z
a

a



Reciprocal lattice of an orthorhombic lattice is
an orthorhombic lattice
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The reciprocal lattice of an fcc lattice is a
bcc lattice
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The reciprocal lattice is the Fourier
transform of the real space lattice

crystal = Bravais_lattice(r) * unit_cell(r)

F(crystal) = F(Bravais_lattice(r))F(unit_cell(7))
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Cubes on a bcc lattice

fF)=) [
G
Multiply by e“and integrate over a primitive unit cell.

| r@erar=ry

unit cell

http://lamp.tu-graz.ac.at/~hadley/ss1/crystaldiffraction/fourier.php



Cubes on a bcc lattice

J—j _[ [ dr = f.V
A unit cell I
a | ' V 1s the volume of the primitive unit cell.
Y« " a

¢

fy = [ Prexo(~iG -7 )a'r

J¢ 1s the Fourier transform of /. ; evaluated at G.
1..;; 18 zero outside the primitive unit cell.
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Je= %jfceﬂ (7) exp(—ié : F)d3r =— exp(—tix)exp(—iny)exp(—iGZZ)dxdde

_|;|Q|'—H;|Q
4;|Q|!—-‘.|;|Q
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Volume of conventional u.c. a*. Two Bravais points per conventional u.c.



Cubes on a bcc lattice

- a a 2sin(G 4
4 exp(—iG.x)|* cos(—G x)+isin(-G.x)|*
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The Fourier series for any rectangular cuboid with dimensions
L. <L <L, repeated on any three-dimensional Bravais lattice is:
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¢ - Spheres on an fcc lattice

JFH=Y [

Multiply by e and integrate over a primitive unit cell.

——jfﬂ(r)exp( —iG - r)d r—— I exp( —iG - r)a’3

f(;:

exp(—iG - 7)1’ s1n6’a’m’¢9dgo
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(cos ‘G‘rcos@ zsin(‘G‘rcosé’))r2 sin Odrd 0d ¢
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Integrate over ¢

Je= 2ﬂc_”(cos ‘G‘rcos@) zsm(‘G‘rcosH))r sin 0drd 0
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Spheres on an fcc lattice

(l
’ 27;C (cos(‘G‘ ¥ COS «9) —isin(‘G‘ ¥ COS H))r2 sinfdrd 0

\ f

Both terms are perfect differentials

f(;:—

O Ty
O e

icos(‘G‘rcos@)=‘G‘rsin(‘G‘rcosﬁ)sinﬁ and
do

a%sin(‘G‘rcos&’) = —‘G‘rcos(‘G‘rcos@)sin o, O
27C ¢ . . '
Integrate over 0:  f. = - (—sm(‘G‘rcos 9)—zcos(‘G%os 6’))‘ dr
0 0
P AxC ]‘i sin(‘G‘r)m’r
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Spheres on any lattice

r*dr

CTSln ‘G‘
Voo lalr

Integrate over r

47C | .
V\zf (sin (/G| R)~|G| Reos(|G]R)).

Jo =

The Fourier series for non-overlapping spheres on any three-
dimensional Bravais lattice is:

sin(‘G‘R) —‘G‘LR cos(‘G‘R) exp(ié | ]7).

., 4rnC
f(r)= v ZG‘, G



Molecular orbital potential

U(?):—Ze Z |

4rey r—rj‘
\

position of atom j

The Fourier series for any molecular orbital potential is:

exp(ié-?)
Gf

—7Ze*
U(r)=

/

Volume of the primitive unit cell






Interference
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Interference

elastic scattering

k| = |k’

—

a—b —77-(/?—16)

phase shift: =27

=2

2 k|2

=—f-(/€'—l€)=—Al€-7

Amplitude: F=F+ Fz)e_mk'?



Interference

0

—iAk-F
Amplitude: Eot = z E.e
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