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Gradual channel approximation 

http://lampz.tugraz.at/~hadley/psd/L10/gradualchannelapprox.php
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𝐼 = 𝑍𝑡 𝑗 = 𝑍𝑡 𝑛𝑒𝜇𝑛𝐸𝑦 = 𝑍 𝑒𝜇𝑛𝑛𝑠𝐸𝑦

𝑛𝑠(𝑦) = −
𝑄

𝑒
=

𝐶𝑜𝑥 𝑉𝐺 − 𝑉𝑐ℎ(𝑦) − 𝑉𝑇

𝑒

𝑗 = −𝑛𝑒𝑣𝑑 = 𝑛𝑒𝜇𝑛𝐸𝑦

ns = n t is the sheet charge at the interface

Ohm's law

Gradual channel approximation 

differential equation for Vch



Gradual channel approximation 



http://lampz.tugraz.at/~hadley/psd/L10/gradualchannelapprox.php

Gradual channel approximation 



valid in the linear regime (until pinch-off occurs at the drain)

Gradual channel approximation 



𝐼 =
𝑍

𝐿
𝜇𝑛𝐶𝑜𝑥 𝑉𝐺 − 𝑉𝑇 𝑉𝐷 −

𝑉𝐷
2

2

𝑑𝐼

𝑑𝑉𝐷
=

𝑍

𝐿
𝜇𝑛𝐶𝑜𝑥 𝑉𝐺 − 𝑉𝑇 − 𝑉𝐷 = 0

At pinch-off, dIds /dVds = 0

𝑉𝑠𝑎𝑡 = 𝑉𝐺 − 𝑉𝑇

A MOSFET in saturation is a voltage controlled current source.

MOSFET – saturation voltage



𝐼 =
𝑍

𝐿
𝜇𝑛𝐶𝑜𝑥 𝑉𝐺 − 𝑉𝑇 𝑉𝐷 −

𝑉𝐷
2

2

𝑉𝑠𝑎𝑡 = 𝑉𝐺 − 𝑉𝑇

𝐼𝑠𝑎𝑡 =
𝑍

2𝐿
𝜇𝑛𝐶𝑜𝑥 𝑉𝐺 − 𝑉𝑇

2

Use the saturation voltage at 
pinch-off to determine the 
saturation current

MOSFET – saturation current



𝐼𝑠𝑎𝑡 =
𝑍

2𝐿
𝜇𝑛𝐶𝑜𝑥 𝑉𝐺𝑆 − 𝑉𝑇

2

cut-off

MOSFET – saturation regime



𝑔𝐷 =
𝑑𝐼𝐷

𝑑𝑉𝐷
=

𝑍

𝐿
𝜇𝑛𝐶𝑜𝑥 𝑉𝐺 − 𝑉𝑇

Channel conductance in the 
linear regime. For small VD

𝐼 ≈
𝑍

𝐿
𝜇𝑛𝐶𝑜𝑥 𝑉𝐺 − 𝑉𝑇 𝑉𝐷

Transconductance

𝑔𝑚 =
𝑑𝐼𝐷

𝑑𝑉𝐺
=

𝑍

𝐿
𝜇𝑛𝐶𝑜𝑥𝑉𝐷

MOSFET – linear regime



Transconductance
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A MOSFET in the saturation regime acts like a voltage controlled current source.

MOSFET – saturation regime



Alexander Schiffmann, Master Thesis (2016)
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MOSFET – saturation



𝐼𝑠𝑎𝑡 =
𝑍

2𝐿
𝜇𝑛𝐶𝑜𝑥 𝑉𝐺 − 𝑉𝑇

2 1 − 𝜆 𝑉𝐷 − 𝑉𝑠𝑎𝑡

Experimentally: channel length modulation 
1

L
 

MOSFET – saturation regime



ǁ𝑖𝑖𝑛 = 2𝜋𝑓𝐶𝐺 ෤𝑣𝐺 ǁ𝑖𝑜𝑢𝑡 = 𝑔𝑚 ෤𝑣𝐺

ǁ𝑖𝑖𝑛 < ǁ𝑖𝑜𝑢𝑡

𝑓 <
𝑔𝑚

2𝜋𝐶𝐺
∝

1

𝐿2
= 𝑓𝑇

For large E, Ohm's law (j = neE) is not valid. 
The electron velocity saturates. 
For velocity saturation:

𝑓𝑇 ≈
𝑣𝑠

𝐿

high frequencies



CMOS inverter 

2

dd ddE QV CV= =

Dissipates little power except 
when switching



Gate delay 

Gate delay is limited by CgateVdd/I.

Ring oscillator



CMOS inverter 
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CMOS inverter 
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Transistor count doubles about every 2 years

By Max Roser, Hannah Ritchie - https://ourworldindata.org/uploads/2020/11/Transistor-Count-
over-time.png, CC BY 4.0, https://commons.wikimedia.org/w/index.php?curid=98219918



Constant E-field Scaling  

L ~ 45 tox

1975 - 1990: "Days of happy scaling"

Gate length L, transistor width Z, oxide thickness tox are scaled down.

Vds, Vgs, and VT are reduced to keep the electric field constant.

Power density remains constant.



𝑔𝑚 =
𝑑𝐼𝐷

𝑑𝑉𝐺
=

𝑍

𝐿
𝜇𝑛

𝜀𝑜𝑥

𝑡𝑜𝑥
𝑉𝐺 − 𝑉𝑇

𝐼𝑠𝑎𝑡 =
𝑍

2𝐿
𝜇𝑛

𝜀𝑜𝑥

𝑡𝑜𝑥
𝑉𝐺 − 𝑉𝑇

2

Power per transistor decreases like L2. Power per unit area remains constant. 

𝐿 ⇒ 𝑠𝐿,  𝑍 ⇒ 𝑠𝑍,  𝑡𝑜𝑥 ⇒ 𝑠𝑡𝑜𝑥 ,  𝑉𝑇 ⇒ 𝑠𝑉𝑇

𝐼𝑠𝑎𝑡 ⇒ 𝑠𝐼𝑠𝑎𝑡

Transconductance stays the same. 

Isat gets smaller

Constant E-field Scaling  



The heat dissipation problem 

Microprocessors are hot ~ 100 C
Hotter operation will cause dopants to diffuse

When more transistors are put on a chip they must dissipate less power.

Power per transistor decreases like L2. 



Dual stress liners 

Tensile silicon nitride film over the NMOS and a compressive silicon 

nitride film over the PMOS improves the mobility.
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Gate dielectric

Thinner than 1 nm:
electrons tunnel

Large dielectric constant 
desirable
r(SiO2) ~ 4

r(Si3N4) ~ 7



http://nano.boisestate.edu/research-areas/gate-oxide-studies/

High-k dielectrics



Short channel effects

SOI: silicon on insulator



CMOS SOI

Fransila

(Semiconductor-on-insulator)



For VG <VT the transistor should switch off but there is a diffusion current. The 

current is not really off until ~ 0.5 V below the threshold voltage.
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Subthreshold slope: 70-100 mV/decade

Weak inversion

Subthreshold current



Subthreshold current
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Subthreshold slope: 66 mV/decade
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