Periodic functions

Use a Fourier series to describe periodic functions



Expanding a 1-d function in a Fourier series
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Any periodic function can be represented as a Fourier series.

(0]

f(x)=fo+ 2 cp cos(2nnx/a) + s, sin( 2nnx/a)

n=1

multiply by cos(2nn'x/a) and integrate over a period.

a a

ac
jf(x) cos(2mn'x/a) dx = an cos(2mn'x/a) cos(2nn'x/a) dx = Tn
0 0

Cp = 2[ f(x) cos(2nnx/a) dx
0
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Expanding a 1-d function in a Fourier series
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Any periodic function can be represented as a Fourier series.

f(x)=fo+ Z ¢, cos(2nnx/a) + s, sin( 2nmnx/a)
n=1

eix + e—ix . eix . e—ix
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reciprocal lattice vector



Exponential functions

The derivative of an exponential function 1s an exponential function

d

H A H s
—e
dx

= €

Euler’s formula: e"’:m —cosx +isina

e?t® — ¢ (cos b + isin b)



Exponential functions

The equation for a damped mass spring system 1s

d?x dx
m—— = —b kx
dt? dt
For m=0.5, b=1, k=1 GEi ke o
or m=v.J5, b=1, k=1, 0 7t + =

Substitute z = e 05022 A + 2 =0

05 X411 =0

B os, T



Exponential functions

B os, T

The two solutions are

z, (t) = et = e (cos(t) + isin(t))
z_(t) = e’ = e (cos(t) — isin(t))

The total solution, z(t) = Ciz4 + C_z_
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Fourier series in 1-D
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' square | | triangle | | sawtooth | | comb |
fo=0(3) &

h=fy=1( .—'|E| +i (0) -] o—,
fi=f5=0Q O——+iO oO—
i=f3=00 .*7|E|+i O-) @—(1
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For real functions: f. = f



Determine the Fourier coefficients in 1-D

f(z) = Z fneianx, Gp=—

n=—~0oo

Multiply by ¢~ * and integrate over a period a

n=—~oo

/f(a:)e—ic;;mdw - Z /fneicnme—iczlmdm
0 0

Only the term where G, = G’, 1s nonzero

fo=7 [ f@e s
0



Fourier series in 3-D

h, k, and [ are integers.



Fourier series in 3-D

Ghig = hby + kby + Ibs

—
—

a; - bj B 27‘(‘(52"7'

P 1 fori=
“ 10, fori#j

Periodicity conditions

éhk[ y Eil == hgl . Zil = 27Th,
éhkl . 62 — kgz - Eiz = 271"{3,
éhkl > 53 = lgg » Zig = 27l.



Reciprocal lattice (Reziprokes Gitter)

Any periodic function can be written as a Fourier series

AGEDIATES

f Reciprocal lattice vector G

Structure factor

Gy = hby + kbs + 1bs

hk,[: integers

—
—

a; - bj = 27!‘53"7'

a, Xda,

— — b — — b
(d, xd,) a,-(d,xd)




Two dimensional periodic functions

foo =0[-] &——
for=f5_y =01[]) ®O——)+iO[] ® )
fio =0 =013 O +O O
fu=f=01[]) O——( |+ O[] O———(1
fia=fy =010 O——+iO[] O——(




Determine the Fourier coefficients

{i7r) = Z fzexp (zé : F)
é



Determine the Fourier coefficients

f(r) = Z fzexp (zé - F)
G
Multiply by exp[—ié‘t -7) and integrate over a unit cell

f f(7) ‘E}‘Kli’(—'iér . T)dr = Z f I n‘a]-LCI:)(—zf:}"F - T) exp(z’é - 7)d7

unit cell G unit cell

1

fo= f f(7) exp(—iG - 7)dF

unit cell




Determine the Fourier coefficients

V2a/4 2a/4
fa= % f / exp(—z’é -7)dzdy
a

—v2a/4 —+/2a/4

V2a/4  V2a/4
C

fe = ) / [ exp(—iG,z) exp(—iGyy)dzdy
—v2a/4 —/2a/4

C (exp(—ti\/ia/tl) — exp(z’GI\/ia/él)) (exp(—z’Gy\/iaM) — exp(z’GyﬁaM))

a? -GG,

4C sin(G.v2a/4) sin(G,v/2a/4)
a2 GG,

fa



Plane waves (Ebene Wellen)

e —cos lg +zsm(l€ ) 2=2F

7[/ ,71/ W/ exp ik -(F +7,)) = exp ik -7

Most functions can be expressed in terms of plane waves

A k-vector points in the direction a wave is propagating.



Reciprocal space (Reziproker Raum)
k-space (k-Raum)

k-space 1s the space of all wave-vectors.

A k-vector points 1n the direction a wave 1s propagating.

2 N ~
= momentum: p = hk

A

wavelength: A=
k

>
-
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|
Reare

G-vectors form a
lattice 1n k-space




Bravais lattice and reciprocal lattice in 1-D
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Reciprocal lattice of an orthorhombic lattice is
an orthorhombic lattice

% S s S
Q/‘ O/‘a 0/‘19 0/. 2n 2?71
s " VN "t o

reciprocal lattice



The reciprocal lattice of an fcc lattice is a
bcc lattice
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Reciprocal lattice (Reziprokes Gitter)

sC d; = axr, dy=ay, dasz—=az,
27 - . 27 A - 27 ~
bl — = Nhgp, b2 — _k'y, b3 — _kz
a a a
a,. a,. . o .
fee:  @=2(2+2), do=(2+9), d=(F+2),
21‘- ety ~ 271' =~ 27[' A A
b, = (kz — ky + k), bo . (kz + ky — k), by = 7(—191. + ky + k)
a a, 6 . a . .
bee 51=5($+y—z), 5225(—$+y+z), ag_g(:v—y+z),
27 27 4 27
by = T(kx +ky), by = T(ky k.), bs=—(k;+k.)
. ) . a. 3a, )
hex W = ax, ay = Em 4 5 Y, iy = 02,
2 2T o ~ —» 4 - - 27 »
b, = V3ks — ky ), by = B bs = —k..
\/§a( ’ y) V3a ? c



Reciprocal lattice (Reziprokes Gitter)

Primitive lattice vectors:

d; = 4.12E-10 4|0 Y+ 0 % [m]

g2 =0 |#+/4.12E-10  §+(0 z [m]

d3 =0 Z+0 J+|4.12E-10 2 [m]
submit

Primitive reciprocal lattice vectors

by = 2m—2%__ ] 525¢+10 g+ 0.000 ky+ 0.000 ke, [m!]

Eil (?1’2 Xﬁ3)

= 63 xiil

— 0.000 kz+ 1.525e+10 ky+ 0.000 k, [m™!]

al'(az Xa3)

by = 2m—2"%__ — 0,000 ky+ 0.000 ky+ 1.525¢+10 k. [m™!]

al-(ﬁg Xag)




Cubes on a bcc lattice

(

fF)=) [
G
Multiply by e'“"and integrate over a primitive unit cell.

j fHe T dr= £V

unit cell

http://lamp.tu-graz.ac.at/~hadley/ss1/crystaldiffraction/fourier.php



Cubes on a bcc lattice

§ ﬁ [ e ar=fy
4 unit cell I

7
a | ' J 1s the volume of the primitive unit cell.

(

¢!

fo = [ faPrexp (G 7

/ 1s the Fourier transform of f_,;, evaluated at G.
1..;; 18 zero outside the primitive unit cell.

2C

[ = %J.fceﬂ(F) exp(—ié : F)d3r = exp(—tix)exp(—iny)exp(—iGZz)dxdydz

Volume of conventional u.c. a’. Two Bravais points per conventional u.c.



Cubes on a bcc lattice

% 2sin(

exp(—iG x) s _cos(—G,x)+isin(-G,x)

—iG x\dx =
exp(—iG x )dx C

(o

The Fourier series for any rectangular cuboid with dimensions
L. xLxL, repeated on any three-dimensional Bravais lattice is:

G L
8(C sin % sin| ———= sin(Gszj
2 2 2

f#)=2 VG.G G

G

exp(ié-?)




¢ - Spheres on an fcc lattice
f(F) = Zf@el‘é'f
Multiply by

e’
a:%jfce”(?)exp( )d =— j exp( —iG- r)d3

sphere

7 and integrate over a primitive unit cell.

The Fourier series for non-overlapping spheres on any three-
dimensional Bravais lattice is:

f(r)—@ # sin(‘G‘R)—“chos(‘G‘R)

exp(ié-?).

‘3




- Spheres on an fcc lattice

o

-\ iG-F
f(r)= Z fee
G
: ~iG"F : C :
Multiply by e~ " and 1ntegrate over a primitive unit cell.

—jf,l(r)exp( —iG - r)d r—— j exp( —iG - r)d3

sphe re

ﬁ T (—iG - 7)r? sin Odrd Od o
o
=11

(cos ‘G‘rcosé’ zsin(‘G‘rcosﬁ))r2 sin Odrd 68d @

YIQ ﬁlﬁ

00-x

Integrate over ¢

Je= 27TC_”(COS ‘G‘rcosé’) zsm(‘G‘rcosH))r sin @drd @



¢

Spheres on an fcc lattice

a R r
) fe= ﬁ‘”(cos(‘G‘ ¥ COS 9) — isin(‘G‘ ¥ COS 9))r2 sin @drd 0
V 00 R f
Both terms are perfect differentials
d

d—@cos(‘G‘rcos 9)=‘G‘rsin(‘G‘rcos<9)sin¢9 and

a%sin(‘G‘ 7 COS 6’) = —‘G‘ rcos(‘G‘ 7 COS H)sin 0, 0
27C ' . . ’
Integrate over 0:  f =7 (—Sln(‘G‘rCOS 9)—ZCOS(‘G‘//COS 9))‘ dr
0 0
47C Bsin(|G|r)
Ja= v J- ‘G‘ rdr

0



Spheres on any lattice

_47TCRsin(‘G‘r) ,
o= e
Integrate over r
fo =1 (sn(161R) {6 Reos (1)

The Fourier series for non-overlapping spheres on any three-
dimensional Bravais lattice is:

() = % sin(‘G‘R) —‘G‘Rcos(‘G‘R)
G G

exp(ié-?).

‘3



Molecular orbital potential

V—]"J.‘
\

position of atom j

The Fourier series for any molecular orbital potential is:

exp(ié-?)
G

—Ze’
U(r) =

/

Volume of the primitive unit cell



Muffin tin potential

— . Ze* 1 o .
The potential is U(7) = — © E — around the Bravais lattice points
dmeg j Ir — 75

The potential 1s constant between the spheres.

Ze? 5~ (cos(|G|R) —1  sin(G|R) - |G|Rcos(|G|R)) cxp(iG-7).

UF)=~—
Ve lei RlG|*

.



For the exam
You should know that every periodic function can be expressed as a Fourier series,

vy = Z: fa exp(ié‘ - '7"').
2.

You should be able to determine the primitive reciprocal lattice vectors of any Bravais

lattice and construct the reciprocal lattice vectors G BEp = hgl — kgz - lgg.

You should know that the reciprocal lattice of an orthorhombic lattice (a, b, ¢) is also
an orthorhombic lattice (27 /a, 27 /b, 27 /c) and that the reciprocal lattice of fcc is bece
and the reciprocal lattice of bec is fcc.

Given a periodic function in 1, 2, or 3 dimensions, you should be able to determine
the coefficients f; of the corresponding Fourier series.

Know that the relation between the real space primitive lattice vectors and the

—

reciprocal space lattice vectors is d@; - b; = 2m0;;.

You should be able to describe what a plane wave is and give the formula for a plane
wave.



Crystal structure determination

LRy W W A
FERRRETCFE Ay
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Scanning tunneling Field ion microscope Transmission electron
mICroscope mICTroscope

Usually x-ray diffraction is used to
determine the crystal structure



#I Grazm Institute of Solid State Physics
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Crystal diffraction (Beugung)

Everything moves like a wave but exchanges energy and momentum as

a particle
light photons
sound phonons
electron waves electrons
neutron waves neutrons
positron waves positrons
plasma waves plasmons
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Everything moves like a wave but exchanges
energy and momentum like a particle.

|\ | | /;'
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Quantum Mechanics

Everything moves like
a wave but exchanges
energy and momentum
like a particle.




